In this paper, we study the singular limit of the Porous Medium equation u t ¼ Du m þ gðx; uÞ; as m-N; in a bounded domain with Neumann boundary condition. r
Introduction
The aim of this paper is to study the effects of a lower-order nonlinearity and Neumann boundary condition on the limit of the Porous Medium equation u t ¼ Du m ; when the parameter m goes to N: This is a particular case of an overall program of studying the so-called singular limit for nonlinear pdes, i.e., a perturbation problem where the perturbed problem is of totally different character than the unperturbed one. Recently, in light of Monge Kantorovich mass transfer theory, Evans et al. proved in [9] that the related problem of taking the limit p-N; for the pde u t ¼ D p u has turned out to be interesting. Our approach is different, it is based on the ideas we introduced in [6] (see also [10] ) for the similar problem with Dirichlet boundary condition. However, in our case, i.e. Neumann boundary condition, the description of the limit is more delicate. 
According to (2) , for any rAR þ there exists a unique maximal solution qðr; tÞ defined on the maximal interval ½0; TðrÞÞ of the o.d.e. it is easy to show that there exists a unique bounded weak solution u of (1) 
We denote by u m this solution. By maximum principle, it is clear that 0pu m ðt; xÞpqðM 0 ; tÞ a:e: ðt; xÞAQ: ð7Þ
This paper describes the limit of u m as m goes to N: In the case g 0; it has been proved in [3] (c.f. Theorem 3) that u m ðtÞ-% u 0 in L 1 ðOÞ for tA0; T; where Following the same approach as in [6] for the similar problem, where the Neumann boundary condition was replaced by the Dirichlet boundary condition, we prove for a general g satisfying (2) that 
(b) u N ðt; xÞ ¼ qð1; t À T 0 Þ for a.a. xAO; for any tA½T 0 ; T½;
Actually we will consider problem (1) with a reaction term gðuÞ ¼ gðt; x; uÞ depending on ðt; xÞ; the exact assumptions and results will be precised in Section 3. In Section 2, we will prepare the results by studying problem (1) and its limit as m-N; with gðuÞ replaced by a function hðt; xÞ independent of u:
2. The problem with reaction term independent of u To apply abstract arguments of the nonlinear semigroups theory, we first consider the elliptic problem 
One has the following result as m-N:
and for m40; v m be the unique solution of (9).
(1) (c.f. [5] Proof. Part (1) is a particular case of Theorem B in [5] . Let us prove part (2). Thanks to (10) , it is enough to prove it for j_f j41: Since the problem is odd, let us assume without loss of generality that _f 41: According to [5] , we have
where 
Indeed, A N being defined as above, for f AL 1 ðOÞ; one has 
To translate this result in terms of p.d.e. we characterize the mild solutions of (14) 
Moreover u is the mild solution u m of (14).
Proof. This is a quite standard result (c.f. [2] ). For completeness let us give the arguments. We first show that the mild solution u of (14) jjhðtÞ À h i jj L 1 dtpe; defined by u e ð0Þ ¼ u 0 u e ðtÞ ¼ u i for tAt iÀ1 ; t i ; where
that is
We may choose h i AL N ðOÞ; with
It follows that u i AL N ðOÞ and
Then multiplying (18) by ðu i Þ m ; one gets
Letũ e be the function from ½0; t n into L 
Passing to the limit in (19) and (20) one gets that u is a solution of (17). At last, we show uniqueness of the solution to (17). It follows from Lemma A in the appendix: if u 1 ; u 2 are two solutions of (17), apply with
We consider now problem (15). 
compactly supported:
To prove this proposition we will use the following lemma:
Lemma
where C is a constant depending only on O: Let x 0 be the solution of
one has x 0 AW 2;p ðOÞ for any 1opoN and
where C is a constant depending only on O: Set x ¼ x 0 þ C; one has xX0 and
and since juwj ¼ jwj a.a. O; one has 
1 ð % QÞ; xðT; :Þ 0:
Proof. For uniqueness of a solution u of (25), apply Lemma A in the appendix in the same way as in the proof of Proposition 2. To prove that the mild solution u ¼ u N of (15) 
(using the convention for i ¼ 1; u iÀ1 ¼ % u 0 Þ: Since u e ðtÞ-u N ðtÞ in L 1 ðOÞ as e-0 uniformly for tA½0; T; according to (24) for e40 small enough, one has _ju i jpy for i ¼ 1; y; n with yo1 independent of e:
Using Lemma 1,
with C 1 independent of e: Multiplying (26) by w i ; one gets
Then, by Poincare´inequality and (27), one obtains
with C 2 independent of e: It follows from (27) and (28) that the function w e defined by w e ðtÞ ¼ w i on t iÀ1 ; t i ½; is bounded in L 2 ð0; T; H 1 ðOÞÞ as e-0: Let e k -0 such that If uX0; then u is the unique solution of (23).
The general reaction-diffusion problem
We consider problem (1) with g depending on ðt; xÞ: We assume g : Q Â R þ -R satisfies ðiÞ for any rAR þ ; gð:; rÞAL N ð0; T; L 1 ðOÞÞ and R T 0 jjgðt; :; rÞjj L N dtoN; ðiiÞ for a:a: ðt; xÞAQ; gðt; x; :Þ is continuous on R þ and @g @r ðt; x; :ÞpKðÁÞ in D 0 ð0; NÞ it will follow that h ¼ gð:; u m Þ and then u m is solution of (32). To prove (33), we use the fact that, according to (10) , the operator A m is T-accretive in L 1 ðOÞ (c.f. [2, 4] 
Apply with Since 0pupM; with the above arguments, thanks to Proposition 3, u is the unique function in L N ðQÞ with uX0 is solution of (23) with h ¼ gð:; uÞ: & Now we will make more explicit the limit solution u in the case gðt; x; uÞ ¼ gðuÞ (independent of ðt; xÞAQ). Throughout the end of this section g : R þ -R is defined by (2) and we assume (5), so M 0 ðtÞ ¼ qðt; M 0 Þ satisfies (30). Then we have the following characterization of the limit solution u: Corollary 2. If gðt; x; uÞ ¼ gðuÞ with g : R þ -R satisfies (2), then the limit u of u m is defined as it is claimed in the introduction 
(b) uðt; xÞ ¼ qð1; t À T 0 Þ for a.a. xAO; for any tA½T 0 ; T½;
Proof. Recall that u is the unique function in L N ðQÞ with uX0 satisfying (23) with h ¼ gðuÞ: In the case _u 0 X1; % u 0 ¼ _u 0 ; the function uðt; xÞ ¼ qð_u 0 ; tÞ is clearly the solution of (23) with hðt; xÞ ¼ gðqð_u 0 ; tÞÞ ¼ u t ðt; xÞ:
In the case _u 0 o1; % u 0 p1: If gð1Þp0; one has uðt; xÞ ¼ qð % u 0 ðxÞ; tÞA½0; 1 for a.a. ðt; xÞAQ and then u is the solution of (23) with hðt; xÞ ¼ u t ðt; xÞ; I ¼ ð0; TÞ; w 0:
At last consider the case gð1Þ40: If a; b½ is a component of 
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(ii) Still in case 3, define
If g is concave (resp. convex) on ½0; 1; then d dt _uðtÞpðresp:XÞg _uðtÞ À Á for tAð0; T 0 Þ:
Further _uðtÞp (resp. X) qð_u 0 ; tÞ for tAð0; T 0 Þ so T 0 X (resp. p) T 2 :
Appendix
We give here a general lemma used to prove uniqueness. While this method is classical, we did not find such statement in the literature. 
